ABSTRACT. We prove that many completeness properties coincide in metric spaces, precompact groups and dense subgroups of products of separable metric groups. We apply these results to function spaces Cp(X, G) of G-valued continuous functions on a space X with the topology of pointwise convergence, for a separable metric group G. Not only the results but also the proofs themselves are novel even in the classical case when G is the real line.
INTRODUCTION
A product of two metric spaces having Baire property need not be Baire. This result prompted for a search of proper subclasses C of the class of Baire spaces which are closed under taking arbitrary Cartesian products; one may call such C a productively Baire class. The first productively Baire class was introduced by J.C. Oxtoby [12] under the name pseudocomplete spaces. A potentially wider class of such spaces was considered by A.R. Todd [19] who used the same term "pseudocomplete" to denote the spaces from his class. In his study of topological games, R. Telgársky [15] considered another class C of productively Baire spaces such that Player II has a Markov winning strategy in the Choquet game on every space from the class C . Yet another productively Baire property was invented by F. Sánchez-Texis and O. Okunev [13] in their recent work on weakly pseudocompact spaces.
The four properties described above are defined in terms of the existence of a certain sequence {B n : n ∈ N} of families B n of subsets of X such that each B n contains arbitrary small sets with non-empty interior in X; see Definition 2.7. The main goal of this paper is to study these four productively Baire properties (as well as their variations obtained by taking all B n to be the same) in metric spaces, topological groups and function spaces. We also introduce four compactness-type properties closely related to the four completeness properties defined above obtained by disposing of the sequence {B n : n ∈ N} completely and replacing it with a family F of open or zero-sets in X such that every decreasing sequence in F has non-empty intersection; see Definition 3.4. Definitions 2.5. Let X be a topological space. For each n ∈ N let B n be a family of subsets of X. We shall say that a sequence {B n : n ∈ N} is:
(i) centered provided that n∈N B n = ∅ holds for every nested sequence {B n : n ∈ N} such that B n ∈ B n for all n ∈ N; (ii) complete provided that it is centered and each B n is a pseudobase for X. Remark 2.6. Let {A n : n ∈ N} and {B n : n ∈ N} be two sequences of families of subsets of a topological space X such that A n ⊆ B n for each n ∈ N.
(i) If {B n : n ∈ N} is a centered sequence in X, then the sequence {A n : n ∈ N} is centered as well.
(ii) If {B n : n ∈ N} is a complete sequence in X and each {A n : n ∈ N} is a pseudobase for X, then {A n : n ∈ N} is a complete sequence in X.
Definition 2.7.
A topological space X will be called:
(i) Todd complete if X has a complete sequence; (ii) Oxtoby complete if X has a complete sequence {B n : n ∈ N} such that each B n consists of open subsets of X; (iii) Sánchez-Okunev complete if X has a complete sequence {B n : n ∈ N} such that each B n consists of zero-sets in X; (iv) Telgársky complete if X has a complete sequence {B n : n ∈ N} such that each B n is a base of X.
Clearly, Sánchez-Okunev complete → Todd complete and Telgársky complete → Oxtoby complete → Todd complete.
The question whether the last implication can be reversed remains open; see [19, Question 6.3] . Finally, all Todd complete spaces have the Baire property; see [19, Theorem 1.3] .
One can also introduce a (theoretically) stronger version of each of the four pseudocompleteness properties from Definition 2.7 by requiring that all B n in the correspondent complete sequence {B n : n ∈ N} are the same. We shall distinguish these properties by adding the adjective "strongly" in front of their names.
The notion of Oxtoby completeness has appeared first in [12] under the name "pseudocompleteness", while that of Todd completeness has appeared later in [19] (under the same name "pseudocompleteness"). The notion from Definition 2.7(iii) has appeared recently in [13] where it was related to the notion of weak pseudocompactness to be discussed later in Section 3.
The notion from Definition 2.7(iv) was considered first by Telgársky in [15] who proved in [15, Theorem 2.9] that Player II has a Markov winning strategy in the Choquet game on every Telgársky complete space (in our terminology). Telgársky also considered a stronger version of his property by requiring that all B n in the correspondent complete sequence {B n : n ∈ N} are the same; in other words, he considered the class of what we call here strongly Telgársky complete spaces. Lemma 2.8. Let {V n : n ∈ N} be a sequence of subsets of a countably compact space Y and let X = {V n : n ∈ N}. For every n ∈ N, let (1) B n = {B ⊆ X : B = ∅ and Cl Y (B) ⊆ V n }.
Then:
(i) {B n : n ∈ N} is a centered sequence in X;
(ii) if A n is a pseudobase of X such that A n ⊆ B n for every n ∈ N, then {A n : n ∈ N} is a complete sequence in X.
Proof. (i) Let {B n : n ∈ N} be a nested sequence in X such that B n ∈ B n for all n ∈ N. By Remark 2.2(i), the sequence {B n : n ∈ N} is decreasing, so {Cl Y (B n ) : n ∈ N} is a decreasing sequence of non-empty closed subsets of Y . Since Y is countably compact, {Cl Y (B n ) : n ∈ N} = ∅. Since B n ∈ B n , it follows from (1) that Cl Y (B n ) ⊆ V n , so {Cl Y (B n ) : n ∈ N} ⊆ {V n : n ∈ N} = X. Therefore,
Cl X (B n ).
Since {B n : n ∈ N} is a nested sequence in X, it follows from Remark 2.3 that {Cl X (B n ) : n ∈ N} = {B n : n ∈ N}, so {B n : n ∈ N} = ∅ by (2).
(ii) It follows from (i) and Remark 2.6(i) that {A n : n ∈ N} is a centered sequence in X. Since each A n is a pseudobase of X, from Definition 2.5(ii) we conclude that {A n : n ∈ N} is a complete sequence in X.
Lemma 2.9. AČech-complete space is both Telgársky complete and Sánchez-Okunev complete.
Proof. Let X be aČech-complete space. There exists a compact space Y containing X as a subspace and a family {V n : n ∈ N} of open subsets of Y such that X = {V n : n ∈ N}; one can take the Stone-Čech compactification βX of X as Y . For each n ∈ N, the family
is both a base and a pseudobase in X such that A n ⊆ B n , where B n is as in (1) . Thus, the sequence {A n : n ∈ N} is complete by Lemma 2.8(ii), so X is Telgársky complete by Definition 2.7(iv).
Similarly, for each n ∈ N, the family
is a pseudobase in X consisting of zero-sets such that A n ⊆ B n . Arguing as above, we conclude that {A n : n ∈ N} is a complete sequence in X. Therefore, X is Sánchez-Okunev complete by Definition 2.7(iii).
Proposition 2.10. A locally pseudocompact space is strongly Telgársky complete.
Proof. Let X be a locally pseudocompact space. Then the family B = {U ⊆ X : U is a non-empty open subset of X and Cl X (U ) is pseudocompact} is a base of X. Suppose that {U n : n ∈ N} ⊆ B is a nested sequence. Then {U n : n ∈ N} is a decreasing sequence of non-empty open sets in the pseudocompact space Cl X (U 1 ). Therefore, {Cl X (U n ) : n ∈ N} = ∅. By Remark 2.3, {U n : n ∈ N} = ∅ as well.
The following diagram summarizes relations between the classical notions mentioned above. The relevance of the notion of a countably compact family to completeness properties from Section 2 can be seen from the following Remark 3.3. Let B be a family of subsets of a topological space X, and let B n = B for every n ∈ N.
(i) If B is countably compact, then the sequence {B n : n ∈ N} is centered. Indeed, let {B n : n ∈ N} be a nested sequence such that B n ∈ B n for every n ∈ N. Then the sequence {B n : n ∈ N} ⊆ B is decreasing by Remark 2.2(i). Since B is countably compact, n∈N B n = ∅.
(ii) If B consists of clopen sets in X and {B n : n ∈ N} is centered, then B is countably compact. Indeed, let {B n : n ∈ N} be a decreasing sequence such that B n ∈ B for every n ∈ N. Then {B n : n ∈ N} is nested by Remark 2.2(ii). Since {B n : n ∈ N} is centered, n∈N B n = ∅.
(iii) If B is a countably compact pseudobase of X, then {B n : n ∈ N} is a complete sequence in X. This follows from item (i) and Definition 2.5(ii).
Item (iii) of this remark suggests the following generalization of properties that appeared in Definition 2.7. Proof. Let Y be a G δ -dense subspace of a Sánchez-Okunev countably compact space X. Let F be some countably compact pseudobase consisting of zero-sets in X. Since Y is dense in X, the family G = {F ∩Y : F ∈ F} is a pseudobase in Y . Clearly, G is a family of zero-sets in Y . Let {G n : n ∈ N} ⊆ G be a decreasing sequence. For every n ∈ N , there is
Hence, {F n : n ∈ N} is a decreasing sequence of members of F. Since F is countably compact, Proof. (i) If X is a locally compact space, then the family F = {Z ⊆ X : Z is a compact zero-set in X such that Int X Z = ∅} is a countably compact pseudobase in X. The second statement follows from Proposition 3.5(iii).
(ii) Let X be a weakly pseudocompact space. By Definition 1.1(ii), X is G δ -dense in some compact space Y . The latter is Sánchez-Okunev countably compact by item (i), and the former is Sánchez-Okunev countably compact by Lemma 3.6.
(iii) Let X be a locally pseudocompact space. If X is Lindelöf, then X is locally compact, so X is Sánchez-Okunev countably compact by item (i). If X is not Lindelöf, X is weakly pseudocompact by [3, Corollary 2.5], so X is Sánchez-Okunev countably compact by item (ii). Proof. Let X be a locally pseudocompact zero-dimensional space. Then the family B = {U ⊆ X : U is a non-empty clopen subset of X and U is pseudocompact} is a base of X. Let {U n : n ∈ N} ⊆ B be a decreasing sequence. Observe that this sequence is contained in the pseudocompact space U 1 . Therefore, {Cl X (U n ) : n ∈ N} = ∅. Since each U n is clopen in X, this gives {U n : n ∈ N} = ∅ as well.
We finish this section with the following diagram summarizing the relations between the notions introduced in the first three sections.
Locally pseudocompact 
Recall that a topological group G is precompact if for every neighborhood V of the identity e, there is a finite set A ⊆ G such that G = AV . It is well known that a topological group G is precompact if and only if it is topologically isomorphic to a subgroup of some compact group, or equivalently, if the Raikov completion ̺G of G is compact.
Most completeness and compactness properties considered in this paper coincide for precompact groups:
Theorem 4.4. For a precompact topological group G, the following conditions are equivalent: 
Item (ix) of this theorem says thatČech-completeness of all groups H i is a necessary condition for some dense subgroup G of the product H = i∈I H i to have one of the equivalent completeness properties from items (i)-(viii) of this theorem.
Proof of Theorem 4.6 is postponed until Section 10.
APPLICATIONS TO C p -THEORY
We are going to denote by C p (X, Y ) the space of continuous functions from X to Y with the topology of the pointwise convergence, that is, the topology on C p (X, Y ) is the topology generated by all sets of the form {f ∈ C(X, Y ) : f (x i ) ∈ V i for i = 0, . . . , n}, where n ∈ N, x 0 , . . . , x n ∈ X and V 0 , . . . , V n are open subsets of Y . When Y is the real line R with its usual topology, we write
is a subgroup of G X , with the identity function e defined by e(x) = e Y for every x ∈ X.
For a topological group G, the function space C p (X, G) has been studied in [14] and recently in [4] . The reader interested in C p -theory can consult the classical monograph of V.V. Tkachuk [18] .
Definitions 5.1. Let X and Y be topological spaces.
(
Our main result in C p -theory is the following Theorem 5.2. Let G be a separable metric group and X be a topological space such that C p (X, G) is dense in G X . Then the following conditions are equivalent:
is a dense subgroup of G X by our assumption, the equivalence of items (i)-(ix) follows from Theorem 4.6.
When G = R, as a corollary we obtain the following classical result of V.V. Tkachuk:
The following conditions are equivalent for every space X: Let us establish the equivalence (ii)⇔(iii). Observe that R X is a realcompact space; see [8, Corollary 5.4. Let G be a separable metric group and X be a topological space such that
) has any of the equivalent properties (i)-(viii) from Theorem 5.2, then G must bě Cech-complete.
Corollary 5.5. Let G be a compact metric group and X be a topological space such that C p (X, G) is dense in G X . Then the following conditions are equivalent:
Corollary 5.5 strengthens substantially Theorem 7.2 in [4] . A host of conditions on X which guarantee that C p (X, G) is dense in G X can be found in [14] .
COMPLETENESS PROPERTIES IN METRIC SPACES AND GROUPS: PROOFS OF THEOREMS 4.1 AND 4.2
Let X be a metric space with a metric d. For a bounded subset A of X, let diam(A) = sup{d(a, b) : a, b ∈ A}. For a family A of subsets of X, we write diam(A) < ε when diam(A) < ε for all A ∈ A. We use B X (x, ε) to denote the ball in X with the center x ∈ X and the radius ε > 0.
Lemma 6.1. Suppose that X is a metric space, U is a pairwise disjoint family of non-empty open subsets of X such that U is dense in X, B is a pseudobase of X and δ > 0. Then there exists A ⊆ B such that:
Proof. Let A be a maximal subfamily of the family B having properties (i)-(iii); such a family exists by Zorn's lemma. It remains only to show that (iv) holds. Suppose the contrary. Then V = X \ Cl X ( Int X (A)) is a non-empty open subset of X. Since U is dense in X by our assumption, W = V ∩ U = ∅ for some U ∈ U . Choose x 0 ∈ W . There exists ε > 0 such that B(x 0 , ε) ⊆ W . Without loss of generality, we may assume that ε < δ. Since B is a pseudobase of X,
We claim that the subfamily
This proves both (ii) and (iii) for A * .
Since B ∈ A, we have A ⊆ A * and A = A * . This contradicts the maximality of A. Proof. By Definition 2.7(i), X has a complete sequence {B n : n ∈ ω}. By induction on n ∈ N, we shall define A n ⊆ B n satisfying the following conditions:
First, we apply Lemma 6.1 to U = {X}, B = B 0 and δ = 1/2 to get A 0 ⊆ B 0 satisfying (i 0 )-(iv 0 ). Assuming that n ≥ 1 and A n−1 ⊆ B n−1 satisfying (i n−1 )-(iv n−1 ) has already been constructed, we apply Lemma 6.1 to U = Int X (A n−1 ), B = B n and δ = 1/(n + 1) to get A n ⊆ B n satisfying (i n )-(iv n ).
For each n ∈ N, the set
is open and dense in X by (iv n ). Since X is Todd complete, X is a Baire space, so
Let K be a compact space containing X as a dense subspace. (For example, one can take
Claim 1. The family
is a base of Z consisting of non-empty clopen subsets of Z; in particular, Z is zero-dimensional. (7), this shows that C is a base of Z.
It remains only to note that all members of C are clopen in X. Indeed, let n ∈ N and A ∈ A n . Since
Claim 2. For n ∈ N, A n+1 ∈ A n+1 and A n ∈ A n , the following conditions are equivalent:
Combining this with (8), we conclude that
Claim 3. If {A n : n ∈ N} is a nested sequence such that A n ∈ A n for every n ∈ N, then n∈N C An = ∅ and n∈N V An ⊆ Z.
Proof. The sequence {A n : n ∈ N} is nested by our assumption. Since A n ∈ A n ⊆ B n and {B n : n ∈ N} is a complete sequence, n∈N A n = ∅ by Definition 2.5.
Let us to prove that n∈N V An ⊆ Z. Let y ∈ n∈N V An be arbitrary. Since x ∈ Z, it suffices to show that x = y. Assume that x = y. Then there exists an open subset U of K such that x ∈ U and y ∈ Cl K U . Then U ∩ X is an open neighbourhood of x in X, so there exists ε > 0 such that B X (x, ε) ⊆ U . Since (ii n ) holds for every n ∈ N, there exists n ∈ N such that diam(A n ) < ε.
Claim 4. If A n ∈ A n for every n ∈ N and
Proof. It follows from our assumption, Definition 2.1 and Claim 2 that the sequence {A n : n ∈ N} is nested, so n∈N C An = ∅ by Claim 3.
Claim 5. Suppose that n 0 , n 1 ∈ N and A n i ∈ A n i for i = 0, 1. If C An 1 C An 0 , then:
(i) n 0 < n 1 ; (ii) there exists A m ∈ A m for every m ∈ N satisfying n 0 < m < n 1 such that
Proof. (i) First, note that n 0 = n 1 . Indeed, assume that n 0 = n 1 = n. Then A n 0 , A n 1 ∈ A n . Since
This contradiction shows that n 0 = n 1 . Suppose now that n 1 < n 0 . Since (iii n 0 ), (iii n 0 −1 ), . . ., (iii n 1 −1 ) hold, there exists A ′ ∈ A n 1 such that
On the other hand,
is pairwise disjoint by (i n 1 ), this implies the equality A n 1 = A ′ . Recalling (9), we get
Since the converse inclusion C An 1 ⊆ C An 0 holds by our assumption, we conclude that
(ii) We shall construct the required sequence {A m : m ∈ N, n 0 < m < n 1 } by a (finite) reverse induction on m. Assume that n 0 < m ≤ n 1 and A m ∈ A m has already been chosen in such a way that
We have defined sets
by (6) and (10), so C An 0 ⊇ C A n 0 +1 by Claim 2.
Claim 6. The family C is countably compact.
Proof. Let {D m : m ∈ N} ⊆ C be a decreasing sequence. We consider two cases.
There exists an increasing sequence {m k : k ∈ N} of integers such that
Therefore, by considering the subsequence {D m k : k ∈ N} of the sequence {D m : m ∈ N}, we may assume, without loss of generality, that the sequence {D m : m ∈ N} itself is strictly decreasing, i.e., D m+1 = D m for all m ∈ N.
For every k ∈ N, from D k ∈ C and (7), we conclude that D k = C An k for some n k ∈ N and A n k ∈ A n k . By Claim 5(i), the sequence {n k : k ∈ N} is strictly increasing. By Claim 5(ii), the sequence {A n k : k ∈ N} can be enlarged to a sequence {A n : n ∈ N} in such a way that the corresponding sequence {C An : n ∈ N} is (not necessarily strictly) decreasing, {A n k : k ∈ N} becomes a subsequence of the sequence {A n : n ∈ N}, and A n ∈ A n for all n ∈ N. Applying Claim 4, we conclude that n∈N C An = ∅. Since C An k = D k for every k ∈ N and the sequence {C An : n ∈ N} is decreasing, it follows that
Proof. Let n ∈ N. Since V A is an open subset of K for every A ∈ A n , the set
is open in K. Therefore, n∈N V n is a G δ -subset of the compact space K, so it isČech-complete. Therefore, it suffices to show that Z = n∈N V n .
Let z ∈ Z be arbitrary. For each n ∈ N, we can use (3) and (4) to fix A n ∈ A n such that (11) . This shows that z ∈ V n . Since this inclusion holds for each n ∈ N, we get z ∈ n∈N V n . This establishes the inclusion Z ⊆ n∈N V n .
To check the inverse inclusion n∈N V n ⊆ Z, fix y ∈ n∈N V n . We are going to show that y ∈ Z. For each n ∈ N use y ∈ V n and (11) to choose A n ∈ A n such that y ∈ V An . Then y ∈ V A n+1 ∩ V An = ∅, so Cl X (A n+1 ) ⊆ Int X (A n ) by the implication (iii)⇒(i) of Claim 2. Therefore, the sequence {A n : n ∈ N} is nested by Definition 2.1. Now y ∈ n∈N V An ⊆ Z by Claim 3. Lemma 6.3. Let Z be a subspace of a topological space X and C a family of non-empty subsets of Z. For every C ∈ C let F C be a subset of X such that F C ∩ Z = C. If the family C is countably compact, then so is the family F = {F C : C ∈ C}.
Proof. Let {C n : n ∈ N} ⊆ C be a sequence such that {F Cn : n ∈ N} ⊆ F is a decreasing sequence; that is, F C n+1 ⊆ F Cn for every n ∈ N . Then C n+1 = F C n+1 ∩ Z ⊆ F Cn ∩ Z = C n by the definition of F C . This means that {C n : n ∈ N} is a decreasing sequence in C. Since this family is countably compact, ∅ = {C n : n ∈ N} ⊆ {F Cn : n ∈ N}. Proof. A straightforward check that U is a pseudobase of X is left to the reader. Now U is countably compact by Lemma 6.3.
(ii) A straightforward check that F is a pseudobase of X is left to the reader. Note that Cl X (C) ∩ Z = Cl Z (C) = C for every C ∈ C, so F is countably compact by Lemma 6.3.
Proof of Theorem 4.1: The implication (ix)⇒(x) follows from Theorem 6.2. (x)⇒(i) and (x)⇒(ii).
Suppose that X contains a dense subspace Z with a countably compact base C consisting of clopen subsets of Z. By Lemma 6.4(i), U is a countably compact pseudobase of X consisting of open subsets of X, so X is Oxtoby countably compact by Definition 3.4(ii). By Lemma 6.4(ii), F is a countably compact pseudobase of X consisting of closed subsets of X. Since X is perfectly normal, every member of F is a zero-set in X; see [6, 1.5.19(iii)]. Therefore, X is Sánchez-Okunev countably compact by Definition 3.4(iii).
The rest of the implications follows from Diagram 2.
Lemma 6.5. Let G be a topological group with the Baire property. If X is a dense
Proof. Let g ∈ G be arbitrary. Since X is a dense G δ -subset of G and the map x → gx (x ∈ G) is a homeomorphism of G onto itself, Y = gX is a dense G δ -subset of G. Since G has the Baire property, H = X ∩ Y = ∅, so we can take h ∈ H. There is x ∈ X such that h = gx. Therefore, g = hx −1 ∈ XX −1 .
The following corollary is well known; see, for example, [17, Lemma 4.2] where it is mentioned without a proof.
Corollary 6.6. If H is a dense subgroup of a topological group G such that H contains a denseČech-complete subspace, then H = G.
Proof. Let X be a denseČech-complete subspace of H. Since H is dense in G, so X is. Since X has the Baire property, G also has it. Since X isČech-complete, it is a G δ -set in G. By the previous lemma, G = XX −1 . Since H is a subgroup of G and X ⊆ H, we have
Proof of Theorem 4.2: (x)⇒(xi) Let G = ̺X be the Raikov completion of X. Then G is a metric Raikov complete topological group. By [2, Proposition 4.3.8], G isČech-complete. By Corollary 6.6, X = G. In particular, X isČech-complete.
By Lemma 2.9, (xi) implies (xii), and it is clear that (xii) implies (v). The rest of implications follow from Theorem 4.1.
TECHNICAL LEMMAS
The proof of the next lemma follows closely that of [18, S. 470 ].
Lemma 7.1. Let {A n : n ∈ N} be a complete sequence in a space X. Then there exists a sequence {B n : n ∈ N} of pseudobases of X such that:
(i) B n ⊆ A n for every n ∈ N;
(ii) If m ∈ N and {B n : n ≥ m} is a nested sequence in X such that B n ∈ B n for each n ≥ m, then the intersection {B n : n ≥ m} is non-empty.
Proof. If A and B are families of subsets of a topological space X, then symbol A ⊑ B means that for every A ∈ A there exists B ∈ B such that Cl X (A) ⊆ Int X (B). By induction on n ∈ N, we define a pseudobase B n ⊆ A n of X as follows. First, let B 0 = A 0 . If n ∈ N and B n ⊆ A n has already been defined, then we let (12) B n+1 = {A ∈ A n+1 : there exists B ∈ B n such that Cl X (A) ⊆ Int X (B)}.
By definition, B n+1 ⊑ B n and B n+1 ⊆ A n+1 . Since B n ⊆ A n and both A n+1 and A n are pseudobases of X, one easily sees that B n+1 is a pseudobase of X as well.
We have constructed a sequence of pseudobases of X such that (i) holds and B n+1 ⊑ B n for every n ∈ N.
(ii) Suppose that m ∈ N and {B n : n ≥ m} is a (possibly) "truncated" nested sequence in X such that B n ∈ B n for each n ≥ m. We are going to extend this sequence to a "full-size" nested sequence {B n : n ∈ N} in X such that B n ∈ B n for all n ∈ N. If m = 0, then there is nothing to do. Now, suppose that m > 0. Since B m ⊑ B m−1 ⊑ · · · ⊑ B 1 ⊑ B 0 , we can construct, by a finite reverse induction on m, a sequence B m−1 , B m−2 , . . . , B 0 such that B i ∈ B i and Cl X (B i+1 ) ⊆ Int X (B i ) for every i = m − 1, m − 2, . . . , 0. Clearly, {B n : n ∈ N} is a nested sequence in X extending the original "truncated" nested sequence {B n : n ≥ m} and satisfying B n ∈ B n for all n ∈ N. From this and (i), we conclude that B n ∈ A n for all n ∈ N. Since the sequence {A n : n ∈ N} is complete, ∅ = {B n : n ∈ N} ⊆ {B n : n ≥ m}. This proves (ii).
The next corollary shows that, in the definition of a complete sequence {B n : n ∈ N}, one may assume, without loss of generality, that X ∈ B n for every n ∈ N. Corollary 7.2. If {A n : n ∈ N} is a complete sequence in a non-empty space X, then one can choose B n ⊆ A n for every n ∈ N in such a way that {C n : n ∈ N} becomes a complete sequence in X, where C n = B n ∪ {X} for every n ∈ N.
Proof. Use Lemma 7.1 to define the sequence {B n : n ∈ N} as in the conclusion of that lemma. Let C n = B n ∪ {X} for n ∈ N. Let {B n : n ∈ N} be a nested sequence in X such that B n ∈ C n for all n ∈ N. If B n = X for all n ∈ N, then n∈N B n = X = ∅. Otherwise, there exists m ∈ N such that B m = X and B 0 = B 1 = · · · = B m−1 = X. Since the sequence {B n : n ∈ N} is nested, it is decreasing by Remark 2.2(i). Since B m = X, it follows that B n = X (equivalently, B n ∈ B n ) for all n ≥ m. By item (ii) of Lemma 7.1, ∅ = {B n : n ≥ m} = {B n : n ∈ N}. Lemma 7.3. Let {A n : n ∈ N} and {B n : n ∈ N} be two families of subsets of a topological space X such that:
(i) B n is a dense subset of A n for every n ∈ N; (ii) {B n : n ∈ N} is nested. Then {A n : n ∈ N} is nested and {A n : n ∈ N} = {B n : n ∈ N}.
Since this inclusion holds for every n ∈ N, the family {A n : n ∈ N} is nested by Definition 2.1.
Since both {A n : n ∈ N} and {B n : n ∈ N} are nested, from Remark 2.3 and (i) we get
This finishes the proof.
Lemma 7.4. Let {A n : n ∈ N} and {B n : n ∈ N} be two sequences of families of subsets of a topological space X having the following property: For every n ∈ N and each B ∈ B n there exists some A ∈ A n such that B is a dense subset of A. If the sequence {A n : n ∈ N} is centered, then so is the sequence {B n : n ∈ N}.
Proof. Let {B n : n ∈ N} be a nested sequence such that B n ∈ B n for all n ∈ N. By our assumption, for each n ∈ N we can find A n ∈ A n such that B n is a dense subset of A n . Applying Lemma 7.3, we conclude that the sequence {A n : n ∈ N} is nested and (13) {A n : n ∈ N} = {B n : n ∈ N}.
Assume now that the sequence {A n : n ∈ N} is centered. Then {A n : n ∈ N} = ∅ by Definition 2.5(i).
Combining this with (13), we conclude that {B n : n ∈ N} = ∅. Since this holds for each nested sequence {B n : n ∈ N} such that B n ∈ B n for all n ∈ N, the sequence {B n : n ∈ N} is centered by Definition 2.5(i).
Corollary 7.5. Let {A n : n ∈ N} be a complete sequence in a topological space X. For every n ∈ N and each A ∈ A n , let U n,A be a dense subset of A which is also open in X. Then {B n : n ∈ N} is a complete sequence in X, where B n = {U n,A : A ∈ A n } for each n ∈ N.
Proof. Since {A n : n ∈ N} be a complete sequence in X, it is centered by Definition 2.5(ii). Applying Lemma 7.4, we conclude that the sequence {B n : n ∈ N} is centered as well. By Definition 2.5(ii), it remains only to check that each B n is a pseudobase for X. To achieve this, we need to check both conditions from Definition 2.4. To check condition (i), fix B ∈ B n arbitrarily. Then B = U n,A for some A ∈ A n . Since A n is a pseudobase for X, Int X (A) = ∅ by Definition 2.4(i). In particular, A = ∅. Since U n,A is dense in A = ∅, it follows that U n,A = ∅. Since U n,A is open in X, ∅ = U n,A = Int X (U n,A ) = Int X (B).
To check (ii), take an arbitrary non-empty open subset W of X. Since A n is a pseudobase for X, Definition 2.4(ii) guarantees the existence of A ∈ A n such that A ⊆ W . Now U n,A ⊆ A ⊆ W and U n,A ∈ B n . Notation 7.6. For a map f : X → Y between topological spaces X and Y , define
(ii) If {B n : n ∈ N} ⊆ P f and the sequence {f (B n ) : n ∈ N} is nested in f (X), then the sequence {B n : n ∈ N} is nested in X. (iii) If {B n : n ∈ N} is a centered sequence in X such that {B n : n ∈ N} ⊆ P f , then {C n : n ∈ N} is a centered sequence in f (X), where C n = {f (B) : B ∈ B n } for every n ∈ N.
Proof. (i) Since
Combining (14), (15) and (16) gives the conclusion of item (i).
(ii) follows from (i) and Definition 2.1.
(iii) Let {C n : n ∈ N} be a nested sequence in f (X) such that C n ∈ C n for every n ∈ N. For every n ∈ N fix B n ∈ B n such that C n = f (B n ). By item (ii), the sequence {B n : n ∈ N} is nested in X. Since the sequence {B n : n ∈ N} is centered in X, Definition 2.5(i) implies that n∈N B n = ∅. Therefore, ∅ = n∈N f (B n ) = n∈N C n . By Definition 2.5(i), this shows that the sequence {C n : n ∈ N} is centered in f (X).
Proof. Clearly, g(P ) ⊆ h ← (f (P )). Let us check the inverse inclusion h ← (f (P )) ⊆ g(P ). Let y ∈ h ← (f (P )) be arbitrary. Since y ∈ g(X), there exists x ∈ X such that g(x) = y, and so f (x) = h(g(x)) = h(y) ∈ f (P ). Therefore, x ∈ f ← (f (P )) = P , as P ∈ P f . This means that y = g(x) ∈ g(P ). Notation 7.9. For a map f : X → Y between topological spaces X and Y , define
Proof.
(i) Fix P ∈ P f . From Lemma 7.8 we get
where the last equality holds because P ∈ P f . Therefore, P ∈ P g .
(ii) Assume now that P ∈ I f . Then U = Int f (X) (f (F )) = ∅ for some set F ⊆ P such that F ∈ P f . Since h is a continuous surjection, V = h ← (U ) is a non-empty open subset of g(X). Since U ⊆ f (F ), from Lemma 7.8 we conclude that V ⊆ g(F ). Therefore, Int g(X) (g(F )) = ∅. Furthermore, F ∈ P g by item (i) applied to F instead of P . This shows that P ∈ I g .
A FACTORIZATION THEOREM FOR TODD COMPLETENESS
For a topological space X let S X be the set of all continuous mappings from X into the Hilbert cube [0, 1] N . For f, g ∈ S X we write f g if there exists a continuous mapping h : g(X) → f (X) such that f = h • g. One can easily check that the relation on S X is reflexive and transitive. However, is not anti-symmetric. To fix this, we will introduce an appropriate quotient of S X . If f, g ∈ S X , f g and g f , then we write f ≈ g. Clearly, ≈ is an equivalence relation on S X . One can easily see that f ≈ g if and only iff there exists a homeomorphism h : g(X) → f (X) such that f = h • g.
As usual, [g] ≈ = {f ∈ S X : f ≈ g} denotes the equivalence class of g ∈ S X with respect to the relation
Clearly the relation " " on F X is well defined and makes F X into a partially ordered set (poset). With a certain abuse of notation, from now on we will not distinguish between f ∈ S X and [f ] ≈ ∈ F X . In particular, we will write f ∈ F X instead of
Suppose that f : X → f (X) is an arbitrary continuous mapping such that f (X) is separable metrizable. Since Hilbert cube is universal for all separable metrizable spaces, there exists a homeomorphic embedding
and with abuse of notation we have agreed upon also g ∈ F X ). So f can be identified with its "representative" g in F X . Definition 8.1. Recall that a subset C of a poset (P, ≤) is said to be cofinal in (P, ≤) provided that for every p ∈ P there exists q ∈ C such that p ≤ q. Definition 8.2. We say that a family F ⊆ F X is countably closed if △F ′ ∈ F for every countable subfamily F ′ of F .
The following theorem is the main technical tool in this paper. Theorem 8.3. Let X be a topological space, F ⊆ F X be a countably closed family and {B n : n ∈ N} be a countable sequence such that
For every f ∈ F and each n ∈ N, define
(a) If each B n is a pseudobase of X, then the set
n ∈ N} is a complete sequence in X, then the set
is cofinal in (F , ); in particular, the set
Proof. (a) We shall first prove the following Claim 8. For every f ∈ F there exists g ∈ F such that:
(i) f g; (ii) for every n ∈ N and each non-empty open subset V of f (X), there exists B n f,V ∈ B n ∩ P g ∩ I g satisfying B n f,V ⊆ f ← (V ). Proof. Fix f ∈ F . Let U be a countable base of f (X). Let U ∈ U \ {∅}. Then f ← (U ) is a non-empty open subset of X. Let n ∈ N be arbitrary. Since B n is a pseudobase in X, there exists C n U ∈ B n such that
Clearly, f g, so (i) is satisfied. Let us check (ii). Let n ∈ N and let V be a non-empty open subset of f (X). Since U is a base of f (X), we can find U ∈ U \ {∅} such that U ⊆ V . We claim that B n f,V = C n U is as required. Indeed, since C n U ∈ P f n U and f n U g, Lemma 7.10(i) implies C n U ∈ P g . Similarly, since C n U ∈ I g n U and g n U g, Lemma 7.10(ii) implies C n U ∈ I g . Since C n U ∈ B n by our choice, we conclude that
by our choice of C n U and the inclusion U ⊆ V . Let h ∈ F is arbitrary. To prove that F 1 is cofinal in (F , ), we shall find f ∈ F 1 with h f . Starting from h 0 = h, we use induction and Claim 8 to define a sequence {h i : i ∈ N} ⊆ F satisfying the following conditions:
Since F is countably closed,
Since h = h 0 f , it remains only to show that f ∈ F 1 . Fix n ∈ N. We need to show that C n,f is a pseudobase of f (X). To achieve this, we shall check conditions (i) and (ii) of Definition 2.4.
(i) Let C ∈ C n,f . By (18) , C = f (B) for some B ∈ B n ∩ P f ∩ I f . Since B ∈ I f , Notation 7.9 implies that Int f (X) (C) = Int f (X) (f (B)) = ∅.
(ii) Take an arbitrary non-empty open set W in f (X). Fix x 0 ∈ X such that f (x 0 ) ∈ W . There exist a natural number j ∈ N and open sets U i ⊆ h i (X) for every i ≤ j such that
For each i ≤ j, h i h j holds by (α), so there exists a continuous map q
Combining this with (21), we conclude that q
is the diagonal map. Since each q j i is continuous, so is q.
is an open subset of h j (X). From (22), we get h j (x 0 ) ∈ q ← (U ) = V . This shows that V = ∅. Applying condition (β) to this V , we can find
f and Lemma 7.10 we conclude that P h j+1 ⊆ P f and I h j+1 ⊆ I f . Therefore, B n h j ,V ∈ B n ∩ P f ∩ I f , which implies f (B n h j ,V ) ∈ C n,f by (18) . So it remains only to show that f (B n h j ,V ) ⊆ W . Let π j : i∈N h i (X) → h j (X) be the projection on the jth coordinate, and let (20) and (23) that
Since the sequence {B n : n ∈ N} is complete, Definition 2.5(ii) implies that each B n is a pseudobase for X; that is, the assumption of item (a) holds. Applying the conclusion of item (a), we conclude that F 1 is cofinal in (F , ). Therefore, it suffices to check that
Let f ∈ F 1 be arbitrary. It follows from the definition of F 1 that C n,f is a pseudobase of f (X) for every n ∈ N. Since the sequence {B n : n ∈ N} is complete, it is centered by Definition 2.5(ii). It follows from Remark 2.6(i) that the sequence {B n ∩ P f ∩ I f : n ∈ N} is centered as well. Applying Lemma 7.7(iii), we conclude that the sequence {C n,f : n ∈ N} is centered as well. According to Definition 2.5(ii), {C n,f : n ∈ N} is a complete sequence in f (X). Therefore f ∈ F 2 by the definition of F 2 .
9. POLISH FACTORIZABLE GROUPS: PROOF OF THEOREM 4.4
In this section we study properties of Polish factorizable groups. The reader is referred to Definition 4.3 for their definition. Notation 9.1. When X is a topological group, we consider a subset
The original definition of an R-factorizable group due to M.G. Tkačenko [16] was different but it is known to be equivalent to the one above; see [2] .
We shall sat that a topological group G is Polishable if G is separable metric and its topology can be generated by some complete metric on G, or equivalently, if G is aČech-complete separable metric topological group.
Theorem 9.3. Assume that X is a topological group satisfying one of the following conditions:
(a) X is an R-factorizable Sánchez-Okunev complete topological group; (b) X is a c.c.c. Oxtoby complete topological group. If F is a countably closed cofinal subfamily of (H X , ), then the set
is cofinal in (F , ) and thus, also in (H X , ).
Proof. Our goal is to find a complete sequence {B n : n ∈ N} in X satisfying the condition (17) from the assumption of Theorem 8.3. The definition of this sequence would be different in cases (a) and (b), so we consider two cases. (F X , ) . Indeed, F is cofinal in (H X , ) by our assumption, and the latter set is cofinal in (F X , ) as X is R-factorizable; see Definition 9.2.
Case (a). First note that F is cofinal in
Since X is Sánchez-Okunev complete, by Definition 2.7(iii), X has a complete sequence {B n : n ∈ N} such that each B n consists of zero-sets in X.
Fix B ∈ {B n : n ∈ N}. Then B ∈ B n for some n ∈ N. Since B is a zero-set in X, we can choose a continuous function f : X → R such that B = f −1 (0). Then f ∈ F X and B ∈ P f . Since F is cofinal in (F X , ), there exists g ∈ F such that f g. Thus, B ∈ P f ⊆ P g by Lemma 7.10(i). This shows that B ∈ f ∈F P f .
Since B ∈ B n and B n is a pseudobase, Int X (B) = ∅ by Definition 2.4(i). Fix x 0 ∈ Int X (B). Since X is Tychonoff, there exists a continuous function f :
This means that B ∈ I f by Notation 7.9. Since F is cofinal in (F X , ), there exists g ∈ F such that f g. So B ∈ I f ⊆ I g by Lemma 7.10(ii) . This shows that B ∈ f ∈F I f .
Case (b).
Since X is c.c.c., it is ω-bounded in Guran's sense [9] ; that is, there exists a family {H i : i ∈ I} of separable metric groups H i so that X is (isomorphic to) a subgroup of the product H = {H i : i ∈ I}. Therefore, the family V = {f ← (O) : f ∈ H X , O is a non-empty open subset of f (X)} is a base of X.
Claim 9. Every non-empty open subset
Proof. For every open subset W of X, let V W be a maximal subfamily of V consisting of pairwise disjoint subsets of W ; such a subfamily exists by Zorn's lemma. Since X is c.c.c., V W is at most countable, so we can write V W = {V n : n ∈ N}, where V n = f ← n (O n ) for a suitable f n ∈ H X and a non-empty open subset O n of f n (X) for every n ∈ N. Furthermore, U W = V W = n∈N V n is dense in W by the maximality of V W and the fact that V is a base of X. Since f n is continuous and O n is open in f n (X), the set V n is open in X for every n ∈ N. Thus, U W is open in X as well.
Note that g = △ n∈N f n ∈ H X . Since F is cofinal in (H X , ), we can fix f ∈ F with g f . Let n ∈ N. Since V n = f ← n (O n ), we have V n ∈ P fn . Since f (V n ) = O n is a non-empty open subset of f n (X), V n ∈ I fn by Notation 7.9. Since f n f , from Lemma 7.10 we get V n ∈ P f ∩ I f .
One can easily see that the family P f is closed under taking arbitrary unions. Since V n ∈ P f for all n ∈ N, we obtain U W = n∈N V n ∈ P f . Since V 1 ∈ I f and V 1 ⊆ U W , it follows from Notation 7.9 that
Since X is Oxtoby complete, by Definition 2.7(ii), X has a complete sequence {A n : n ∈ N} consisting of open subsets of X. For every n ∈ N and each A ∈ A n , use Claim 9 to fix a dense open subset U n,A of A such that U n,A ∈ P f ∩ I f for some f ∈ F . Define B n = {U n,A : A ∈ A n }. Then {B n : n ∈ N} is a complete sequence in X by Corollary 7.5. Furthermore, (17) holds by our choice of U n,A 's.
Having constructed a complete sequence {B n : n ∈ N} satisfying (17) separately in each of the two cases, we now return back to a common proof. By Theorem 8.
Let f ∈ F 3 . By Theorem 4.2, f (X) is aČech-complete separable metric group, so f (X) is Polishable. This shows that F 3 ⊆ P(F ). Since F 3 is cofinal in (F , ), so is P(F ). Proof. The family H X is countably closed, so we can apply Theorem 9.3 with F = H X to conclude that the set P(F ) from the conclusion of this theorem is cofinal in (H X , ).
Proposition 9.5. Every precompact Polish factorizable group is pseudocompact.
Proof. Let G be a precompact Polish factorizable group. Being precompact, G is R-factorizable. Let ϕ : G → R be a continuous function. Since G is R-factorizable, there exists a topological group K with a countable base, a continuous surjective homomorphism f : G → K and a continuous function g : K → R such that ϕ = g • f . Since G is Polish factorizable, there exist a Polish group H, a continuous surjective homomorphism π : G → H and a continuous homomorphism h :
Since G is precompact and π is surjective, the group H = π(G) is precompact, and so the completion ̺H is compact. On the other hand, H is a Polish group, so H must be closed in ̺H by Corollary 6.6. This means that H = ̺H is compact, so its image g • h(H) is a compact (thus bounded) subset of R. Since ϕ = g • h • π, it follows that the set ϕ(G) = g • h(H) is bounded in R.
Proof of Theorem 4.4: (i)⇒(ii) is clear.
(ii)⇒(ix) follows from Proposition 3.7(ii). Proof. Without loss of generality, we may assume that all H i are non-trivial. First, we are going to prove the following Notation 10.2. Let X = i∈I X i be a product of non-empty topological spaces X i . For each non-empty set J ⊆ I, we denote by π J the projection of X into its subproduct X J = i∈J X i .
Definition 10.3.
A subset B of the product i∈I X i shall be called basic if B = i∈I B i , where B i ⊆ X i for all i ∈ I and the set supp(B) = {i ∈ I : B i = X i } is finite.
Remark 10.4. If B = i∈I B i is a basic subset of X = i∈I X i , then both
are basic subsets of X such that supp(Cl X (B)) ⊆ supp(B) and supp(Int X (B)) = supp(B).
Lemma 10.5. Let X = i∈I X i be a product of non-empty topological spaces X i , and let Y be a subspace of X such that π J (Y ) = X J for every finite set J ⊆ I. Then:
Let y ∈ Cl X (B) ∩ Y be arbitrary. Let V be a basic open neighbourhood of y in X. Since y ∈ Cl X (B), we have B ∩ V = ∅, so x ∈ B ∩ V for some x = (x i ) i∈I ∈ X. Since B and V are basic sets, J = supp(B) ∪ supp(V ) is finite. Since π J (Y ) = X J by our assumption, there exists z = (z i ) i∈I ∈ Y such that z i = x i for all i ∈ J. Now x ∈ B ∩ V implies z ∈ B ∩ V . Thus, z ∈ (B ∩ Y )∩ V = ∅. We showed that (B ∩ Y ) ∩ V = ∅ for every basic open neighbourhood V of y in X. This implies y ∈ Cl Y (B ∩ Y ).
(ii) Since A and B are basic, the set J = supp(A) ∪ supp(B) is finite. Let a = (a i ) i∈I ∈ A be arbitrary. Since π J (Y ) = X J by our assumption, there exists y = (y i ) i∈I ∈ Y such that y i = a i for all i ∈ J. Note that y ∈ A, as a ∈ A and supp(A) ⊆ J. Therefore, y ∈ A ∩ Y . Since A ∩ Y ⊆ B ∩ Y by the assumption of (ii), it follows that y ∈ B. Since supp(B) ⊆ J and y i = a i for all i ∈ J, we conclude that a ∈ B.
Lemma 10.6. Let X = i∈I X i be a product of non-empty topological spaces X i . For every n ∈ N and each i ∈ I, let {B i,n : n ∈ N} be a centered sequence in X i such that X i ∈ B i,n . For every n ∈ N, define (26) B n = {B ⊆ X : B = i∈I B i is a basic subset of X such that B i ∈ B i,n for all i ∈ I}.
Let Y be a subspace of X such that π J (Y ) = X J for every at most countable subset J of I. Define (27) C n = {B ∩ Y : B ∈ B n } for every n ∈ N.
Then {C n : n ∈ N} is a centered sequence in Y .
Proof. We first prove the following Claim 11. The sequence {B n : n ∈ N} is centered in X.
Proof. Let {B n : n ∈ N} be a nested sequence in X such that B n ∈ B n for each n ∈ N. For n ∈ N, we can use (26) to fix B i,n ∈ B i,n for every i ∈ I such that (28) B n = i∈I B i,n .
Let n ∈ N. Since the sequence {B n : n ∈ N} is nested, Cl X (B n+1 ) ⊆ Int X (B n ). Since
Cl X (B n ) = i∈I Cl X i (B i,n ) and Int X (B n ) = i∈I Int X i (B i,n ), we conclude that Cl X i (B i,n+1 ) ⊆ Int X i (B i,n ) for every i ∈ I.
Let i ∈ I be arbitrary. The above argument shows that the sequence {B i,n : n ∈ N} is nested. Since B i,n ∈ B i,n for every n ∈ N and the sequence {B i,n : n ∈ N} is centered in X i , we can choose (29)
From (28) and (29), we conclude that x = (x i ) i∈I ∈ n∈N B n = ∅. This proves that {B n : n ∈ N} is a centered sequence in X.
We are going to show that {C n : n ∈ N} is a centered sequence in Y , where C n are as defined in (27). Let {C n : n ∈ N} be a nested sequence in Y such that C n ∈ C n for every n ∈ N. Use (27) to fix B n ∈ B n such that B n ∩ Y = C n for every n ∈ N. Then
Claim 12. The sequence {B n : n ∈ N} is nested in X.
Proof. Let n ∈ N be arbitrary. We want to show that Cl X (B n+1 ) ⊆ Int X (B n ). Note that
by Lemma 10.5(i) and (30). Take a point x = (x i ) i∈I ∈ Cl X (B n+1 ). The set J = supp(B n+1 ) ∪ supp(B n ) is finite. Since π J (Y ) = X J by our assumption, there exists y = (y i ) i∈I ∈ Y such that y i = x i for every i ∈ J. Since x ∈ Cl X (B n+1 ) and supp(Cl X (B n+1 )) ⊆ supp(B n+1 ) ⊆ J by Remark 10.4, this gives y ∈ Cl X (B n+1 ). Combining this with (31), we get y ∈ Int Y (B n ∩ Y ). Therefore, y ∈ V ∩ Y ⊆ B n ∩ Y for some basic open neighbourhood V of y in X. Now V ⊆ B n by Lemma 10.5(ii), so y ∈ Int X (B n ). Since supp(Int X (B n )) ⊆ supp(B n ) ⊆ J by Remark 10.4 and x i = y i for all i ∈ J, this gives x ∈ Int X (B n ).
Since {B n : n ∈ N} is a centered sequence in X by Claim 11, and B n ∈ B n for all n ∈ N, from Claim 12 we conclude that n∈N B n = ∅. Fix x = (x i ) i∈I ∈ n∈N B n . The set J = n∈N supp(B n ) is at most countable. Since π J (Y ) = X J by our assumption, there exists y ∈ Y such that y i = x i for all i ∈ J. Then y ∈ Y ∩ n∈N B n = n∈N (B n ∩ Y ) = n∈N C n = ∅. This proves that {C n : n ∈ N} is a centered sequence in Y .
For countably compact families we have the following lemma.
Lemma 10.7. Let X = i∈I X i be a product of non-empty sets X i . For every i ∈ I, let B i be a countably compact family in X i such that X i ∈ B i . Define Proof. For every i ∈ I, equip X i with the discrete topology. For each i ∈ I and every n ∈ N define B i,n = B i . By Remark 3.3(i), the sequence {B i,n : n ∈ N} is centered in X i . By Lemma 10.6, the sequence {B n : n ∈ N} as in the conclusion of this lemma is centered in X. Observe that B = B n for every n ∈ N and the elements of B are clopen in X. Therefore, B is countably compact in X by Remark 3.3(ii). i∈I X i of non-empty topological spaces X i such that π J (Y ) = X J for every at most countable subset J of I. If X i has property P for all i ∈ I, then Y has property P as well.
